ON THE NATURE OF PRIMES:
A DETERMINISTIC, ENDOGENOUS,
NON-STATIONARY S-ADIC AUTOMATON
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ABSTRACT. We present a deterministic, endogenous, non-stationary S-adic automaton that
realizes the Sieve of Eratosthenes as a symbolic dynamical system over a finite alphabet.
Its evolution is governed by three operators—shift, expansion, and filtering—acting on a
growing symbolic tape, and it reproduces the classical prime—composite classification for
every integer n > 2.

A central result is the Stability Zone

SZ, =[n+1, 2n—1],

an interval in which the symbolic state is provably immune to all later filtering steps. This
yields pointwise stability of the prime encoding and makes large-scale experimental verifica-
tion possible through a Frozen Window technique, which we implement up to n = 250,000.

The tape also exhibits a canonical four-letter substructure {a, b, ¢, d} governed by explicit
prime-dependent substitution rules and an upper-triangular transition matrix M,,.

The automaton is not intended as an efficient prime generator, but as a symbolic re-
search instrument in which arithmetic properties of the natural numbers become accessible
to combinatorial and dynamical analysis.
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1. INTRODUCTION

The distribution of prime numbers is one of the central subjects of number theory. De-
spite major advances—from the Prime Number Theorem to the Riemann Hypothesis—the
local structure of the primes remains difficult to describe in a deterministic way. Statistical
models and probabilistic heuristics, such as the Cramér model [8] and the Hardy-Littlewood
conjectures [15], capture important large-scale features of prime gaps and prime constella-
tions. However, they do not provide an explicit dynamical mechanism that generates the
prime—composite pattern symbolically, step by step.

This paper takes a different point of view. Instead of asking how primes behave statisti-
cally, we ask whether the classical Sieve of Eratosthenes can be realized as a deterministic
symbolic dynamical system, and what structural information becomes visible when the sieve
is represented in that form.

We present a deterministic, endogenous, non-stationary S-adic automaton whose internal
state evolves through three operators: a shift S,, an expansion X,, and a filter F,, (see
Figure 1). The automaton maintains a cyclic symbolic tape over the binary alphabet Ycp =
{L, M} and processes one natural number at each step. No external primality test is applied:
the classification of a number as prime or composite is determined entirely by the symbolic
state of the tape at the moment of encoding. In this sense, the automaton is endogenous.
We show that it reproduces exactly the same prime-composite classification as the classical
Sieve of Eratosthenes for every integer n > 2.

What distinguishes the automaton from the classical sieve is not what it computes, but
what it records. At each step, the tape carries a periodic symbolic representation of the sieve
state to the right of the current position. This representation is not introduced as a more
efficient way to generate primes. Rather, it is a symbolic research instrument: a structured
internal state in which arithmetical properties of the sieve become accessible to combinatorial
and dynamical analysis (see Figure 2).

A central result of the paper is the Stability Zone,

SZp =[n+1, 2n — 1],

an interval in which the symbolic state is provably immune to all later filtering steps. Inside
this zone, every surviving L-symbol is stable until it reaches the head of the tape. This gives
a pointwise notion of stability for the prime encoding and provides the theoretical basis for
the Frozen Window technique used in the experimental part of the paper.

A second structural feature is the emergence of a canonical four-letter substructure {a, b, ¢, d}
on letters of length 6. From this viewpoint, the binary tape admits a second-order symbolic
description governed by explicit prime-dependent substitution rules and an upper-triangular
transition matrix M,. The letter

a = (LMLMM M)

plays a special role as the symbolic template associated with candidate pairs at distance 2. Its
global population evolves according to a simple multiplicative rule, which we call the Hydra
Effect. This connects the automaton to classical local sieve patterns related to twin-prime
heuristics, although the paper does not claim a proof of the Twin Prime Conjecture.
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Register N
state-counter 5 ta te 1
1
Register E o
encoding Tape CP periodic word / symbols
ONE L

state 3

state 4

FIGURE 1. Dynamic development of the non-stationary S-adic system. The
automaton evolves through four states, showing Register N (state counter),
Register E (encoding), and Tape CP (binary periodic word). At state 2, the
first prime n = 2 triggers the expansion operator X,, and filter operator F},,
growing the tape from width 1 to width 2. The three symbolic domains N,
Yg ={ONE, P, M}, and Xcp = {L, M} are visually distinct.
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E E E
P L M CP P M L M L M M CP P L M L MMM CP
N 2 3 4|head N 3 4 5 6 7 8 9Yhead N 4 5 6 7 8 9 10/head
5 6 10 11 12 13 14 15 11 12 13 14 15 16
7 8 16 17 18 19 20 21 17 18 19 20 21 22
9 10 22 23 24 25 26 27 23 24 25 26 27 28
11 12 28 29 30 31 32 33 29 30 31 32 33 34
13 14 34 35 36 37 38 39 35 36 37 38 39 40
15 16 40 41 42 43 44 45 41 42 43 44 45 46
17 18 46 47 48 49 50 51 47 48 49 50 51 52
19 20 52 53 54 55 56 57 53 54 55 56 57 58
21 22 58 59 60 61 62 63 59 60 61 62 63 64
23 24 64 65 66 67 68 69 65 66 67 68 69 70
25 26 70 71 72 73 74 75 71 72 73 74 75 76
27 28 76 77 78 79 80 81 77 78 79 80 81 82
29 30 82 83 84 85 86 87 83 84 85 86 87 88
31 32 88 89 90 91 92 83 89 90 91 92 93 94
33 34 94 95 96 97 98 99 95 96 97 98 99 100
35 36 100 101 102 103 104 105 101 102 103 104 105 106
etc. > etc.» o etc.» o
width=2 width=6 width=6

E
PMLMMM LML MMM LM LMMMLMMMMMILML MMM MCP
N 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35|head
36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65
66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 8 89 90 91 92 93 94 95
96 97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112 113 114 115 116 117 118 119 120 121 122 123 124 125
etc. >
width=30

FIGURE 2. Sieves from steps 2 to 5 of the automaton. M-columns (gray)
contain composites only; L-columns (white) contain positions that have not
yet been eliminated and therefore may contain primes or composites.

The purpose of the paper is therefore twofold. First, it gives an exact symbolic realization
of the Sieve of Eratosthenes as an endogenous non-stationary S-adic system. Second, it
develops structural tools—the four-letter substructure, the transition matrix, the Stability
Zone, and the Frozen Window technique—for studying the internal symbolic organization of
that system.

1.1. Related Work. The distribution of prime numbers has been studied extensively from
analytic, algorithmic, and probabilistic perspectives [2]. The Prime Number Theorem, proved
independently by Hadamard [13] and de la Vallée Poussin 9], shows that the number of primes
up to z is asymptotic to z/Inxz. The Cramér model [8] provides a probabilistic framework
for prime gaps by modeling the probability that an integer x is prime as 1/Inz. Although
highly influential, this model was shown by Maier [19] to make incorrect predictions in short
intervals, illustrating the limitations of purely probabilistic approaches.

On the algorithmic side, the classical Sieve of Eratosthenes [10] provides a procedural
method for identifying primes by iteratively removing multiples. More advanced sieve meth-
ods, including Brun’s sieve and later developments surveyed by Halberstam and Richert [14],
extend this basic idea to deeper questions about prime distribution. These methods are ex-
tremely powerful analytically, but they are not typically formulated as symbolic dynamical
systems with an explicit internal state.
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The Hardy—Littlewood conjectures [15] extend probabilistic reasoning to prime constella-
tions, including twin primes and more general k-tuples, through singular series defined as
products over primes. These conjectures remain open. In the present paper, we do not
attempt to prove them. Rather, we study a deterministic symbolic framework whose local
combinatorial structure is consistent with finite sieve patterns related to such heuristics.

From a different direction, symbolic dynamics and S-adic systems provide tools for studying
sequences generated by substitutions over finite alphabets. Foundational treatments are given
by Lind and Marcus [18] and Allouche and Shallit [1], while the non-stationary S-adic setting
is developed by Fogg [12] and Berthé and Delecroix [4]. These frameworks have been applied
to many combinatorial sequences, but the classical Sieve of Eratosthenes has not, to our
knowledge, been developed as a deterministic symbolic dynamical system with an explicit
evolving internal tape representation of the sieve state.

Connections between number theory and fractal geometry have also been explored by
Lapidus and van Frankenhuijsen [16], where zeta functions and complex dimensions provide
a geometric framework for number-theoretic structures. Our viewpoint is different in both
method and scope. We do not identify the prime set with a classical fractal object. Instead,
we associate the sieve with a non-stationary symbolic filtering process and a corresponding
local scaling exponent.

A related but independent approach to primality without divisibility has been proposed
by Bilokon [5], who introduces an imbalance metric on integer pairs together with a M&bius
transformation of that metric. In that framework, primality is characterized by a novelty
condition on imbalance values. Bilokon’s work is conceptually parallel in that it seeks a de-
terministic description of primality outside the usual divisibility-based formulation. However,
the present paper proceeds in a different direction: it models the Sieve of Eratosthenes itself
as an endogenous symbolic dynamical system over a finite alphabet.

Against this background, the contribution of the present paper is not a new analytic
estimate for primes, but an exact symbolic realization of the sieve together with structural
tools—the four-letter substructure, the transition matrix, the Stability Zone, and the Frozen
Window technique—for studying the internal organization of that realization.

1.2. Organization of the Paper. The paper is organized as follows. Section 2 states the
main topic and explains the role of the automaton as a symbolic research instrument. Sec-
tion 3 defines the automaton and its operators. Section 4 proves synchronization with the
number line and establishes equivalence with the classical Sieve of Eratosthenes. Section 5
studies the associated substitution rules, transition matrix, and Hydra dynamics. Section 6
introduces the Stability Zone and discusses its arithmetical and symbolic consequences. Sec-
tion 7 presents the Frozen Window experiment. Section 8 concludes.

At the end of the paper, we provide the bibliography, a declaration of Al-assisted tools
used during preparation, and acknowledgments.

2. ToriC

2.1. Topic: A Symbolic Research Instrument for the Sieve of Eratosthenes. The
automaton A is not proposed as an efficient algorithm for generating primes, but as a sym-
bolic research instrument: a deterministic, endogenous, non-stationary S-adic system whose
internal state makes structural properties of the Sieve of Eratosthenes accessible to symbolic,
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combinatorial, and geometric analysis. The purpose of this section is not to prove the main
results, but to summarize the role of the framework and the kinds of structures it reveals.
We consider an automaton

A= (N7E7 CP, SmeFn)nzla

where NV is a counter over the natural numbers, F is a finite encoding register, and CP is
a cyclic symbolic tape over the binary alphabet Ycp = {L, M}. The tape evolves through
three operators: a shift S,,, an expansion X,,, and a filter F,,. The current encoding FE,, is
determined entirely by the symbolic state of the tape, so the automaton is endogenous in the
sense that no external primality test or precomputed prime list is used.

The framework has five central features.

()

(i)

(i)

Exact symbolic realization of the sieve. The automaton reproduces the same
prime—composite classification as the classical Sieve of Eratosthenes. At each step,
the tape provides a symbolic record of which positions have already been eliminated
and which remain prime candidates.

Periodic internal state. At every finite step n, the tape is a periodic binary word
whose width equals the primorial of the largest prime p < n:

CP =] p
p<n

Thus the sieve is represented not only procedurally, but also as an explicit symbolic
state space.

Emergent finite-alphabet structure. From step n = 4 onward, the tape admits
a canonical letter decomposition of width 6, yielding a second-order alphabet

Z2 = {(l, ba C, d}a

where

a= (LMLMMM), b=(LMMMMM), c¢=(MMLMMM), d= (MMMMDMM).

(iv)

This four-letter structure provides a compressed symbolic description of the local sieve
pattern.
A built-in Stability Zone. For each step n, the interval

SZ, =[n+1,2n—1]

is provably stable under all later filtering steps. Inside this zone, surviving L-symbols
correspond to confirmed primes. This gives the automaton a built-in notion of point-
wise symbolic stability.

A structural viewpoint on local scaling. The prime-dependent dynamics of the
tape lead naturally to a local scaling exponent

1 b
D(n) = og(a+b+c) |
log(a +b+c+d)
(with a, b, ¢, and d meaning the amount of the letters) which tends to 1 as p — 0.

We interpret this as a symbolic signature of the progressively weaker local exclusion
imposed by larger prime filters.
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From this perspective, the automaton is best understood as a framework for studying
the internal organization of the sieve rather than as a faster method for computing primes.
Its main contribution is to turn the sieve into an explicit symbolic dynamical object whose
structure can be analyzed at several levels: binary, letter-combinatorial, spectral, and exper-
imental.

The following sections develop these aspects in detail: first by defining the automaton
precisely, then by proving its equivalence to the classical sieve, and finally by analyzing the
emergent symbolic structures that arise from its evolution.

3. THE AUTOMATON

3.1. Symbolic Domains. The automaton operates on three distinct domains, correspond-
ing to its three components: the counter /N, the encoding register £/, and the symbolic tape
CP.

Register N. Register N holds the current natural number. Its state at step n is simply
N, = n, generated by the successor operation [22]. Thus the automaton step and the
represented natural number coincide.

Register E. Register E stores the qualitative encoding of the current number. Its alpha-
bet is

(1) Sg = {ONE, P, M},

where ONE marks the number 1, P marks a prime, and M marks a composite. These three
cases are mutually exclusive and exhaustive.

Tape CP. The tape carries a symbolic representation of the sieve state on the number
line to the right of the current step. Its alphabet is binary:

(2) Yep = {L, M},

where L indicates a surviving candidate position and M indicates a position already identified
as composite. The tape records only this binary distinction.

This separation of roles is essential. Register E provides the current prime-composite
encoding, whereas the tape CP records the evolving sieve state. In particular, the tape
does not by itself distinguish between candidate and confirmed prime positions globally; that
distinction becomes pointwise valid in the Stability Zone introduced later.

3.2. Structure of the Automaton. The automaton A consists of two single-cell registers
and one cyclic symbolic tape.
Register N. The counter evolves by the successor rule

(3) Nyo=N,1+1, N =1.

Register E. At step n, the encoding function reads the first tape symbol of the previous
state and assigns

ONE if CP,,_;[1] does not exist,
(4) E,=P if CP,1[1] =L,
M ifCP,[1] = M.
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Thus the current classification is determined entirely by the symbolic state of the automaton.
The value F,, = ONE occurs only at n = 1.

Tape CP. The tape begins with one cell and grows during the evolution of the automaton.
Its leftmost cell is denoted CP,[1], and its rightmost cell is denoted CP,,[last]. At every finite
step n, the tape is a periodic word over Xcp = {L, M}. Its width is

() CP,| =[] »

p<n

where the product runs over all primes p < n. The tape grows only at prime steps.

3.3. Operators. The evolution of the tape is governed by three operators acting on the
binary alphabet Xcp = {L, M}.

Shift operator S,. The first symbol CP[1] is removed from the left end of the tape and
appended to the right end as the new CP[last]. This is a cyclic rotation by one position. The
shift keeps the tape synchronized with the advance of the counter Figure 3.

Expansion operator X,. This operator is applied only when F, = P. It replaces the
tape by n concatenated copies of itself. Thus the width is multiplied by n, but the relative
pattern inside each copy is unchanged.

Filter operator F,. This operator is also applied only when E, = P. It traverses the
tape with stride n, beginning at position 2n, and replaces each visited L by M, leaving
existing M-symbols unchanged. In this way, the filter marks all multiples of n represented
on the tape.

L

2. %«

1. Move

F1GURE 3. The tape CPj3 displayed as a cyclic structure. The shift operator
rotates the tape by one position to produce CP,, moving CP3[1] to CP4[last].
This preserves periodicity and keeps Register N and the tape in step.
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3.4. Transition Function 7,. The complete tape update at step n is

CP, = {Fn(Xn(Sn(CPn_l))) itE, =P,

(6) .
Sn(CPn_l) if En = M.

The initial state is
Ny =1, E, = ONE, CPy, = (L).

When E, = P, the order of the three operators is essential. The shift must come first
so that the tape is aligned with the current number before replication. The expansion must
precede the filter so that all copies are filtered consistently. If the filter were applied before
expansion, the newly appended copies would remain unfiltered at that step.

3.5. Note on the Binary Tape. The choice of the binary alphabet Ycp = {L, M} is
structural rather than merely notational. Each tape position records exactly one binary
decision: either the corresponding residue class has already been eliminated or it has not.

This minimal representation has two consequences that matter later. First, the higher-
order symbolic structure of the automaton must emerge from repeated patterns on the binary
tape itself. Second, the resulting system fits naturally into the language of substitutions over
finite alphabets, which makes the connection with S-adic methods precise.

3.6. Illustrative Example: First Five Steps. The first five states of the automaton are
shown in Table 1.

n E, CP, Width
1 ONE (L) 1
2 P (LM) 2
3 P (MLMLMM) 6
4 M (LMLMMM) 6
5 P (MLMMMLMLMMM LMLMMM LMMMMM LMLMMM M) 30

TABLE 1. The first five states of the automaton. Please compare with Figure 4.
At n = 2, the tape expands from width 1 to width 2, and the filter marks
position 4 as M. At n = 3, the tape expands from width 2 to width 6, and the
filter marks position 9 as M. At n = 4, only the shift is applied. At n =5, the
tape expands from width 6 to width 30, and the filter marks positions 15 and
35 as M.

The same process can be viewed visually in Figure 4. The example shows how the initial
one-symbol tape (L) develops into longer periodic tapes under repeated shifts, expansions,
and filtering.

3.7. Foundations of the Representation. To avoid ambiguity, we distinguish between
the absolute number line and its symbolic representation inside the automaton.
At step n, the state of the automaton is

(N, E,,,CP,),
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FIGURE 4. The algorithm in its first four steps. The green marker indicates the
current position of Register F,, that is, the natural number being processed.
As the step number increases from n = 1 to n = 4, the tape grows and shifts
accordingly.

where N, = n, E, € {ONE, P, M}, and CP,, is a finite periodic binary word. The tape is
not a second number line. Rather, it is the symbolic realization of the portion of the number
line strictly to the right of the current step.

More precisely, the tape is always read from left to right starting at the integer n+1. Thus
for every tape position j > 1, the cell CP,[j] canonically represents the integer

n+j.
This identification allows local tape patterns to be interpreted as local arithmetical patterns
on the absolute number line.

At the same time, the tape is periodic Figure 2 with width |CP,,|, so it can also be studied
internally as a finite symbolic object. These two viewpoints—canonical realization on the
number line and periodic symbolic structure—are both used in the sequel. The first is needed
for arithmetic interpretation; the second is needed for the combinatorial and S-adic analysis.

We also distinguish between formal statements proved within the framework and interpre-
tive language used to explain them. Statements such as synchronization, equivalence with
the classical sieve, and the existence of the Stability Zone are proved formally. Terms such as

research instrument or symbolic observatory are explanatory descriptions of the role of the
framework.

Definition 1 (Endogenous system). A dynamical system is endogenous if its evolution is
determined entirely by its internal state and internal rules, without reliance on external
inputs, external tests, or precomputed arithmetic data.
For the automaton
./4 == (N, E, CP, Sn; Xn7 Fn)nZla
this means:

e the operators 5,, X,,, and F}, act only on the internal symbolic state of the tape;
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e the classification of the current number is determined by CP,,_;[1] through (4);
e the state transitions depend only on the current state and the fixed update rules of
the automaton.

The automaton is therefore introduced not as a faster way to compute primes, but as an
exact symbolic model of the sieve whose internal organization can be studied directly.

4. SYNCHRONIZATION AND EQUIVALENCE TO THE SIEVE OF ERATOSTHENES

4.1. Synchronization. The automaton processes one natural number at each step. The
following lemma shows that the first tape position is always aligned with the next number
to be encoded.

Lemma 1 (Synchronization). For every step n > 1, the symbol at position CP,,_1[1] corre-
sponds to the natural number n and is the symbol read by Register E at step n.

Proof. We argue by induction on n.

Base case. At step n = 1, the initial tape is CP; = (L), and the counter holds N; = 1. By
initialization, the first position CP,_1[1] does not exist.

Inductive step. Assume that at step n, the first symbol of CP,,_; corresponds to the natural
number n. We show that after the transition at step n, the first symbol of CP,, corresponds
ton+ 1.

If £, = M, then
The shift operator removes the first tape symbol and appends it to the right end. Therefore
the new first symbol is exactly the symbol that previously occupied position 2, which cor-
responds to the successor of the previously encoded number. Hence CP,[1] corresponds to
n—+ 1.

If £, = P, then

Cp,=F, (Xn(Sn(CPn_l))).
Again, the shift first moves the tape into the correct alignment, so after .S, the first position
corresponds to n + 1. The expansion operator X,, appends copies to the right and does not
change the first position. The filter operator F}, begins at position 2n, so it also does not
alter the first position. Hence CP,[1] still corresponds to n + 1.

Thus in either case, the first symbol of CP,, corresponds to n + 1. This completes the
induction. O

Remark 1. The synchronization lemma makes the encoding function well defined: at each
step, Register E reads the tape symbol corresponding to the current natural number.

4.2. Equivalence to the Sieve of Eratosthenes. We now prove that the automaton repro-
duces exactly the same prime—composite classification as the classical Sieve of Eratosthenes.

Theorem 1 (Equivalence to the Sieve of Eratosthenes). For every integer n > 2,
(7) nelP < CP,4[1] =1L,
(8) n¢P < CP,4[1] =M.

Therefore, the automaton produces exactly the same prime—composite classification as the
classical Sieve of Eratosthenes.
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Remark 2 (The number 1). The number 1 is processed at step n = 1 with encoding F; =
ONE. It is neither prime nor composite and is therefore excluded from Theorem 1.

Proof. By Lemma 1, the symbol CP,,_1[1] corresponds to the natural number n at step n.

(=) Suppose n is prime. Then n has no prime divisor p with 2 < p < n. For every prime
p < n, the filter F}, marks exactly those positions corresponding to multiples of p. Since p{n,
the position corresponding to n is never visited by F},. Therefore no filter applied before step
n changes that position from L to M, so

CP,_1[1] = L.

(<) Suppose n is composite. Then there exists a prime p with 2 < p < n such that p | n.
At step p, the filter F), visits the position corresponding to n and changes its symbol to M.
Since p < n, this happens before step n. Hence

CP,_1[1] = M.
The two implications establish both equivalences. U

Remark 3. The symbol ONE in Register E ensures that step n = 1 is treated separately and
that no filter is applied there.

4.3. Width of the Tape. The next lemma records the growth law of the tape.

Lemma 2 (Width of the tape). For every step n > 1,

(9) cp. = ».

p<n

where the product ranges over all primes p < n. Forn =1, the empty product is understood
to be 1.

Proof. At step n = 1, the tape has one cell, so |[CP;| = 1, which agrees with the empty
product.

Now assume n > 1. There are two cases.

If n is composite, then

CP,, = 5,(CP,,_1),

and the shift does not change the tape width. Since the set of primes < n is the same as the
set of primes < n — 1, the product remains unchanged.
If n is prime, then

CP, = F,,(Xn(S,(CP,_1))).
The shift preserves width, the expansion multiplies the width by n, and the filter preserves
width. Hence
|ICP,| =n-|CP,_1].
Since n is a new prime factor at this step, the product over primes < n is obtained from the

product over primes < n — 1 by multiplication by n.
Thus the formula holds for all n. 0
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Remark 4 (Growth rate). By Lemma 2, the width of the tape is the primorial

11»

p<n
Equivalently,
log |CP,| = 0(n),

where 6 is Chebyshev’s function. In particular, the tape width Figure 5 grows on the order of
e, which confirms that the automaton is not intended as a computationally efficient prime
generator.

1E+40
1E+36
1E+32
1E+28

1E+24

width of tape CPn

1E+20

1E+16

1E+12

100000000

10000

1

1 10 100
numbern

FIGURE 5. Width of the tape CP,, as a function of n on a log-log scale. By
Lemma 2, the width equals the primorial Hpgn p. The rapid growth reflects
the expansion that occurs at each prime step.

5. THE FOUR-LETTER SUBSTRUCTURE, SUBSTITUTION RULES, AND THE HYDRA
EFFECT

5.1. Emergence of the Substructure. After the prime steps n = 2 and n = 3, the tape
at step n = 4 has width 6 and carries the binary word

(10) CPy = (LM LM M M).

This word is the nontrivial periodic pattern produced by the automaton, and it serves as
the fundamental letter for the higher-order symbolic structure that appears in all subsequent
tape states.

From step n = 4 onward, the tape admits a canonical decomposition into letters of length
6. These letters belong to a finite second-order alphabet.
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Definition 2 (Four-letter alphabet). Define the following binary words of length 6:

(11) a:=(LMLMM M),
(12) b:=(LMMMMM),
(13) ci=(MMLMMM),
(14) d:= (MMM M M M).
The associated second-order alphabet is

Yo ={a,b,c,d}.

Remark 5 (Recursive symbolic structure). The four-letter alphabet is the first higher-order
symbolic layer above the binary tape. At later prime steps, longer tape segments may
themselves be viewed as composite symbolic units. In this sense, the four-letter structure is
the first stage of a recursive symbolic organization rather than a final one.

5.2. Structural Interpretation. The four letters admit a natural local interpretation.

Letter a = (LM LMMM). This letter contains two surviving positions at distance 2,
namely its first and third entries. It is therefore the unique letter type associated with a
candidate pair at distance 2.

Letter b = (LM MM M M). This letter contains exactly one surviving position, at its first
entry.

Letter ¢ = (MM LM MM). This letter also contains exactly one surviving position, now
at its third entry.

Letter d = (MM MMM M). This letter contains no surviving positions.

Thus the alphabet X5 records, at letter scale 6, whether a local configuration contains two
surviving positions, one surviving position on the left, one surviving position on the right, or
none.

Remark 6 (Completeness). Although there are 26 = 64 binary words of length 6, only the
four letters a,b,c,d occur in the tape from step n = 3 onward. This reflects the specific
elimination rules of the sieve: the filter operators may remove surviving positions, but they
never create new ones.

5.3. Stability of the Substructure.

Lemma 3 (Stability of ¥s). For every step n > 3, the tape CP,, is a concatenation of letters
from 39 = {a,b,c,d}.

Proof. At step n =4,
CPy = (LMLMMM) = (a),

so the claim holds initially (step 4 is a shift from step 3).

Assume now that CP,,_; is a concatenation of letters from 5. We consider the two cases
of the transition function.

If £, = M, then
Because the tape is periodic and its width is a multiple of 6 for all n > 4 by Lemma 2, the
cyclic shift preserves the decomposition into length-6 letters.
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If £, = P, then
CP,, = F,(X,(5,(CP,_1))).

The shift preserves the letter structure, and the expansion merely repeats the shifted tape.
Thus after X,,, the tape is still a concatenation of letters from .

Now consider the filter F,,. For prime steps with n > 5, the stride length is at least 5.
In a letter of type a, the two surviving positions are separated by distance 2, so a single
stride cannot eliminate both surviving positions within the same copy of the letter. More
generally, the filter only changes symbols L — M. Hence the only possible letter transitions
are shown in Figure 6. Each image is again one of the four letters a, b, ¢, d. Therefore CP,, is
a concatenation of letters from .

By induction, the claim holds for all n > 4. 0

5.4. Transition Rules. The proof of Lemma 3 yields the transition rules for the second-
order alphabet. At any prime step n > 5, the filter may act on the four letter types as
follows:

a— a, b, orc,
b—bord,
c— cord,
d—d.

These transitions have three immediate consequences.

First, the process is irreversible at letter level: once a surviving symbol is changed from L
to M, it is never restored.

Second, the letter d is absorbing.

Third, the letter a can only persist or lose one of its surviving positions under filtering. It
is never created by a filter; it is only replicated by the expansion operator.

FIGURE 6. Transition rules for the four-letter alphabet 3y = {a,b, c,d}. The
letter a = (LM LM M M) may remain unchanged or lose one of its two surviving
positions, producing b or ¢. The letters b and ¢ may remain unchanged or lose
their unique surviving position, producing d. The letter d is absorbing.

5.5. Population Dynamics of Letter a: Growth and Elimination. Let G, (a) denote
the number of letter-a blocks present in the tape CP,, after step n. Let p, be the current
prime (i.e., F, = P) and let p# be the primorial width of the tape before the prime step.
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e Growth. The expansion operator X, first produces exactly p, identical copies of
every existing letter-a block. The intermediate population is therefore

(15) Gtemp = Gn—1<a> *Pn-

e Elimination. The filter operator F) traverses the tape with stride p,. For any
letter-a block whose leftmost L lies at position x (relative to the beginning of the
tape), its p, clones are located at positions

r, r+w, r+ 2w, ... wherew:p#.

Because p,, is coprime to the previous width w (ged(w, p,) = 1), the Chinese Remain-
der Theorem guarantees that the congruence

r+k-w=0 (mod p,)

has ezactly one solution k € {0,1,...,p, — 1}.

Consequently, exactly one clone of the left L of each a-block is marked M, and
exactly one clone of the right L (distance 2) is marked M. Since the filter stride
Pn > 5 exceeds the twin distance 2, no single stride can hit both L’s of the same
template simultaneously. Thus, for every original a-block, ezactly two clones are
destroyed (converted to b and c¢), and precisely p, — 2 clones survive as a.

The population of letter-a blocks therefore evolves according to the recurrence
(16> Gn(a) = Gn—l(a) ’ (pn - 2):

with initial condition G4(a) = 1.

This relation (16) is the Hydra Equation. It directly determines the (a, a)-entry of the tran-
sition matrix M, (see subsection 5.7 below) and is equivalent to the substitution morphism
o,(a) = a?~?bc introduced in the next subsection.

5.6. Substitution Rules. The transition behavior can be summarized by prime-dependent
substitution rules. At a prime step p, each letter is first replicated p times by the expansion
operator and then partially reduced by the filter.

This yields the following substitutions on X:

(17) op(a) = a” ?be,
(18) o,(b) = b"d,

(19 op(c) = 14,

(20) op(d) = dP

These formulas should be read as net symbolic transition rules for one full prime step:
the expansion replicates each letter p times, and the filter removes the appropriate surviving
positions among those copies.

Remark 7. The substitution rule for a reflects a simple residue-class argument. Across the
p copies created by expansion, exactly one copy loses its left surviving position and exactly
one loses its right surviving position. This is the symbolic reason for the appearance of one
b, one ¢, and p — 2 surviving copies of a.
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5.7. Transition Matrix. The substitutions o, are encoded by the transition matrix

=2 1 1 0
_ 0 p-—1 0 1

(21) My=1{ g "o p-11
0 0 0 p

Here the rows and columns are ordered as (a, b, ¢, d), and the (7, j)-entry counts how often
letter j appears in the image of letter 7.

The matrix has three important features.

First, it is upper triangular, reflecting the irreversibility of the letter transitions.

Second, its diagonal entries

p_27 p_lv p_la p

are its eigenvalues.
Third, the roles of b and ¢ are symmetric, as seen in the analogous middle rows.

5.8. The Hydra Effect. We now focus on the letter type a, which is the only letter carrying
two surviving positions at distance 2.

Let G, (a) denote the total number of letter-a letters on the tape after step n. At a prime
step p, each existing a-letter is replicated into p copies. The filter then transforms exactly
one copy into b and exactly one copy into ¢, while the remaining p — 2 copies stay of type a.
Thus the total number of a-letters evolves by the recurrence (16) whenever step n is a prime
step with prime p.

The name reflects the following structural phenomenon: at each prime step, the expansion
operator produces many new copies of the twin-prime template a, while the filter destroys only
two of the p copies associated with each preexisting template. Thus the absolute population
of a continues to grow even though filtering is always active.

Corollary 1. Starting from G4(a) = 1, the total number of letter-a letters at prime level p
18

Ga)= I a-2)

5<q<p
q prime

Remark 8. The Hydra Effect is a statement about the global population of the symbolic
template a on the periodic tape. By itself, it does not determine where those a-letters are
located on the absolute number line. That later distribution problem is addressed separately
in the discussion of the ()-Zone.

5.9. Lemma on Three Consecutive Primes. The four-letter structure also yields an
immediate symbolic exclusion result.

Lemma 4 (No three consecutive odd primes beyond 3,5,7). For every n > 3, the pattern

(LMLML)

does not occur in CPp>3.
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Proof. A pattern of the form (LM LM L) would require three surviving positions at pairwise
distance 2.
Among the four letter types, only

a = (LMLMM M)

contains two surviving positions, and its fifth symbol is M, not L. The letters b, ¢, and d
contain at most one surviving position. Therefore no single letter contains (LM LM L).
Since the tape is a concatenation of letters from 35, the same remains true across letter
boundaries: no adjacent pair of letters produces this pattern as a contiguous subword. Hence
(LM LML) never occurs in CP,,. O

Remark 9. This is consistent with the classical fact that the only prime triple of the form
(p,p+2,p+4)is (3,5,7). Within the automaton, the exclusion appears as a structural
consequence of the four-letter letter system.

6. THE STABILITY ZONE, THE Q-ZONE, AND AN OPEN DISTRIBUTION PROBLEM

This section has two purposes. First, it introduces the Stability Zone and the (-Zone
as arithmetically safe regions of the tape. Second, it explains how the symbolic twin-prime
template

a = (LMLMM M)

interacts with these regions. The formal results concern stability and primality inside these
zones. The later connection to twin primes is heuristic and is formulated as an open distri-
bution problem.

6.1. Definition and Motivation. At step n, the filter operator F), acts with stride n. Its
first new hit occurs at the position corresponding to the integer 2n. Therefore the interval

n+1,2n — 1]

is untouched by the current filter and all future filters.

More generally, if an integer z lies in this interval, then any composite structure of z must
already involve a prime factor p < z/2 < n. Hence any filter that could eliminate z as
composite must already have acted before step n. This motivates the following definition.

Definition 3 (Stability Zone). At step n, the Stability Zone is the interval
(22) SZy = [n+1, 2n — 1.

Remark 10. For n = 1, the interval SZ; = [2,1] is empty. This is consistent with the fact
that step 1 produces no filtering.

6.2. Immutability of the Stability Zone.

Theorem 2 (Stability of the Stability Zone). For every step n > 2 and every integer z €
SZn = [n+ 1,2n — 1], if the tape cell canonically corresponding to z carries the symbol L at
step n, then that symbol remains L until z reaches the head of the tape. Equivalently,

CP._1[1] = L.
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Proof. Let z € [n+1,2n— 1], and suppose that the cell corresponding to z carries the symbol
L at step n.

A later filter F}, with ¢ > n could change that symbol only if ¢ | z. Suppose such a prime
q existed with n < ¢ < z. Then

z > 2q > 2n,

which contradicts z < 2n — 1. Therefore no prime ¢ with n < ¢ < z divides z.

Since filters are applied only at prime steps, no filter applied between steps n 4+ 1 and
z — 1 can affect the symbol corresponding to z. By Lemma 1, that symbol reaches the head
position at step z, so

CPz—l [1} == L
O

Remark 11. The index z — 1 is exact. Because the tape shifts left by one position at each
step, the cell corresponding to z reaches the first position precisely at step z.

6.3. Advancement of the Stability Zone. The Stability Zone moves to the right as the
automaton advances.

Lemma 5 (Advancement). For every n > 2,
SZp,=n+1,2n—-1 — SZp1=[n+2,2n+1].

Thus the left boundary advances by 1, the right boundary advances by 2, and the width of the
Stability Zone is

|SZ,| =n — 1.
Proof. This follows directly from the definition:
SZpi1=[n+1)+1,2(n+1) -1 =[n+2, 2n+1].

The width is
SZp,|=2n—1)—(n+1)+1=n—1.
0J

Remark 12 (Maximality). The interval [n + 1,2n — 1] is maximal with the property that it is
untouched by the current filter F,, and all future filters. If the right endpoint were increased
to 2n, then 2n would be hit immediately by the stride n.

Remark 13 (Location of the Stability Zone). The Stability Zone grows linearly:
ISZp| =n—1— oo.
By contrast, the tape width grows as the primorial Hpgn p. Hence

|SZy|
|CPy|

Thus the Stability Zone occupies a vanishing fraction of the full periodic tape, even though
its absolute size tends to infinity.

— 0.
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6.4. Confirmed Primes in the Stability Zone. The Stability Zone is not merely stable.
It is also arithmetically decisive.

Corollary 2 (Confirmed primes in the Stability Zone). Let z € SZ,, = [n+1,2n —1]. Then
the tape cell canonically corresponding to z carries the symbol L at step n if and only if z is
prime.

Proof. 1f the corresponding cell carries L at step n, then by Theorem 2 that symbol survives
until z reaches the head of the tape. By Theorem 1, this means that z is prime.

Conversely, if z is prime, then by Theorem 1 its corresponding tape cell must remain L
until it reaches the head. In particular, it is L at step n. ]

Remark 14. Thus the Stability Zone provides a moving interval of confirmed primality on
the tape: inside SZ,,, the symbols L are no longer merely candidates, but actual primes. This
can be used for experiments.

6.5. The Q-Zone. The Stability Zone has a purely dynamical definition. It is useful to
supplement it with a second interval that is arithmetically safe for the classical sieve reason.

Definition 4 (Q-Zone). At step n, define
Qn = [2n, n?).

Lemma 6 (Primality in the Q-Zone). For every step n > 2 and every integer z € @, =
[2n,n?], if the tape cell canonically corresponding to z carries the symbol L at step n, then z
18 prime.

Proof. Suppose z € [2n,n?] and the corresponding tape cell is labeled L at step n. If 2z were
composite, then it would have a prime divisor p < y/z < n. The filter F,, would already have
acted by step n, so the corresponding cell would have been changed to M, a contradiction.
Therefore z is prime. ([l

Remark 15. The @)-Zone is justified differently from the Stability Zone. In the Stability Zone,
primality follows from dynamical immutability. In the )-Zone, it follows from the classical
sieve fact that every composite z < n? has a prime factor < n. The interval Q,, = [2n, n2]
is therefore best viewed as a second arithmetically safe window, adjacent to and extending
beyond the Stability Zone.

6.6. Twin-Prime Templates: Heuristic Interpretation. We now connect the symbolic
letter
a= (LMLMMM)

with twin-prime patterns.

Lemma 7 (Canonical realization of an a-letter). Let an occurrence of the letter a = (LM LM M M)
begin at tape position j of C'P,. Then, in the canonical realization of the tape, this letter cor-
responds to the six consecutive integers

k, k+1, k+2, k+3, k+4, k+5 with k =n+ J.
In particular, the two surviving positions in the letter correspond to the candidate pair

(k, & +2).
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Proof. By the canonical realization of the tape, the cell C'P,[j] corresponds to the integer
n + j. Therefore the six cells of the letter correspond to

n+j, n+7+1, ..., n+75+5.
Setting k = n + j, the surviving entries of the letter a = (LM LM M M) occur at offsets 0
and 2, so the corresponding candidate pair is (k, k + 2). O

Corollary 3. If a letter-a letter has canonical starting position in Q, = [2n,n?], then its two
surviving positions correspond to an actual twin-prime pair, up to the obvious finite boundary
restriction that both surviving positions must still lie inside Q).

Proof. 1f the starting position of the letter lies in (),,, then its surviving positions £ and k + 2
also lie in Q),,, except for the trivial case near the right boundary. By Lemma 6, any surviving
L-position in that interval is prime. Hence both k and k + 2 are prime. O

Remark 16 (Heuristic density estimate). Let py be the k-th prime. At prime level py, the
global number of letter-a letters on the periodic tape is

Gr(a) = H (pi —2).

Since the tape has period pk#, the quotient

Gk(a)

24

is the global density of letter-a letters per period. This suggests the heuristic estimate

pi
Alpr) = Gila)—
Dy
for the number of letter-a letters whose canonical starting positions fall in an interval of
length p3.
This is only a density heuristic. It does not prove that any specific interval, including @,,,
must contain such a letter.

Remark 17 (Heuristic significance of the @)-Zone). The @-Zone is arithmetically natural
because any surviving L-symbol in @),, already represents a prime. Thus an a-letter in @), is
not merely a symbolic twin-prime template; it corresponds to an actual twin-prime pair.

The unresolved issue is therefore not how to interpret such a letter once it lies in @,,, but
whether such letters occur there for arbitrarily large n.

6.7. An Open Distribution Problem. The Hydra Effect shows that the total population
of letter-a letters on the periodic tape remains positive and grows globally. What remains
open is their distribution relative to canonically anchored safe windows such as @),,.

Definition 5 (Permanent multi-scale skew). We say that the distribution of letter-a exhibits
a permanent multi-scale skew away from @, if there exists a finite step ¢ such that for all
n > t, no letter-a letter has its canonical starting position in

Qn = [2n,77].
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Question 1 (Open distribution problem for twin-prime templates). Do the canonical starting
positions of letter-a letters intersect the windows

Qn = [2n,77]

for arbitrarily large n? Equivalently, does the symbolic template a = (LM LM M M) avoid a
permanent multi-scale skew away from @),,?

Remark 18 (Heuristic interpretation). Within the automaton, the Twin Prime Conjecture
can be viewed heuristically as a distribution problem for the symbolic template

a= (LMLMMM).

The automaton proves global persistence of this template on the periodic tape, but not its
occurrence in the specific safe windows @),, for arbitrarily large n.

The present paper therefore does not claim a proof of the Twin Prime Conjecture. In-
stead, it isolates a symbolic-dynamical question whose positive resolution would connect the
automaton directly to infinitely many twin primes. The nested structure of CP together with
the Hydra Effect (by CRT) leads to maximal distibuted elimination of L to M. The nested
periodical structure of CP itself leads to a maximal distribution of letter a by Expansion.

6.8. Visual Representation. The advancement of the Stability Zone is illustrated in Ta-
ble 2.

Step n SZ, =[n+1,2n — 1] Confirmed primes in SZ,

2 3,3] 3

3 [4, 5] 5

4 [5,7] 5,7

5 6, 9] 7

6 [7,11] 7,11

7 8, 13] 11, 13

8 [9, 15] 11, 13

9 [10,17] 11, 13, 17
10 [11,19] 11, 13, 17, 19
11 [12, 21] 13, 17, 19

TABLE 2. The Stability Zone SZ, = [n + 1,2n — 1] and the confirmed primes
it contains in the first several steps. By Corollary 2, every L-symbol in SZ,
corresponds to a confirmed prime.

7. THE FROZEN WINDOW EXPERIMENT

7.1. Motivation and Computational Challenge. The theoretical results established so
far describe the symbolic structure of the automaton exactly. In particular, the tape admits
a stable four-letter substructure, the Stability Zone provides a moving interval of confirmed
primes, and the population of the letter type a can be tracked globally through the Hydra
recurrence. These results suggest a natural computational question: how far can the symbolic
structure be observed directly?
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345 6 7 8 9 10111213 14 15 16 17 18 19 20 21 22

FIGURE 7. The Stability Zone shown in blue, its forward advance in orange,
and the first stride of the current filter in yellow. The figure visualizes why the
interval [n + 1,2n — 1] remains untouched by the current filtering step and all
future filtering steps.

A naive simulation of the full automaton quickly becomes infeasible. By Lemma 2, the
width of the tape at step n is
|ICP,| = H p.

p<n
Equivalently,
log |CP,| = 0(n),
so the tape width grows on the order of . Already for moderate values of n, the full periodic
tape is far too large to store explicitly. Thus a direct computation of CP,, is not a realistic
way to study the symbolic structure at large scales.

The key observation is that the experimental questions considered in this paper concern
the Stability Zone rather than the full tape. Since the Stability Zone has width n — 1, one
does not need to store the entire periodic tape in order to observe its local structure there.
This motivates the Frozen Window technique.

7.2. The Frozen Window Technique. To study the Stability Zone up to a prescribed
range of n, it is enough to maintain a finite initial segment of the tape large enough to
contain the zone throughout the experiment.

For our implementation up to n = 250,000, a window of width

W = 510,510 = 174

is sufficient, since

510,510 > 2 - 250,000.
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Thus one full period of the tape at step n = 18 already covers the range needed to observe
the Stability Zone for all subsequent steps up to the chosen bound.

Definition 6 (Frozen Window). The Frozen Window is a fixed finite segment of width
W = 510,510,
initialized as an exact copy of CPg. For all later steps, the experiment updates this finite

window rather than the full tape.

The experiment runs in two modes.

Mode 1 (Open Window). For n < 19, the automaton is run exactly, including shift,
expansion, and filtering, until the tape CP;5 has been constructed.

Mode 2 (Frozen Window). For 19 < n < 250,000, the full expansion operator is
suppressed, and the usual cyclic shift is replaced by a truncated shift that removes the first
symbol without appending it at the right edge. The filter continues to act on the remaining
finite window exactly as before.

Open window: N
mode 1 operation untiln <19 AN

U

Stepn

Erozen window:
mode 2 operation from n =19 to <= 250000 ,
e S/insteadof S, s

<::| terminates e StopT,
On

U o B}
Hn :> T

FIGURE 8. The Frozen Window experiment. In Mode 1, the full automaton
is run until the tape CPg of width 17# = 510,510 has been constructed. In
Mode 2, the full expansion is suppressed, the shift is replaced by a truncated
left shift, and the filter continues to act on the fixed window. This makes it
possible to track the Stability Zone up to n = 250,000 without storing the full
periodic tape.

The purpose of this procedure is not to reproduce the entire automaton, but to preserve
exactly the part of the symbolic state needed to study the Stability Zone.

7.3. Validity of the Frozen Window. The Frozen Window technique is valid because it
combines two structural facts proved earlier.

First, the tape is periodic, and one full period contains the complete symbolic information
of the sieve state at that level.

Second, the Stability Zone is immune to all later filtering steps once its symbols have
reached that region. Therefore, for the purpose of observing the symbolic structure inside
the Stability Zone, it is enough to retain a finite segment that already contains all relevant
future positions.
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These observations justify the following claim.

Proposition 1 (Validity of the Frozen Window). For all steps n < 250,000, the Frozen
Window experiment reproduces the same symbolic pattern inside the Stability Zone as the full
automaton.

Proof. The window is initialized as an exact copy of CPig, which contains one full period
of the tape at that stage. Since W = 510,510 > 2n for all n < 250,000, the Stability Zone
SZ, = [n+ 1,2n — 1] always lies within the retained segment.

By Theorem 2, the symbols in SZ,, are not altered by any later filter before they reach the
head of the tape. Therefore, to recover the symbolic pattern in SZ,,, it is enough to preserve
the correct symbols in the relevant finite prefix of the tape. The truncated shift moves this
preserved segment forward exactly as needed, while the filter continues to act on the window
at the same positions as in the full automaton whenever those positions lie inside the retained

segment.
Hence the symbolic pattern observed in SZ,, agrees with that of the full automaton through-
out the experimental range. 0

7.4. Termination and Determinism. Both the full automaton and the Frozen Window
experiment are deterministic. At each step, the state update is uniquely determined by the
current state and the fixed transition rules.

Termination is also immediate. Each step applies only finitely many operations to finite
data structures: the counter, the encoding register, and either the full finite tape or the finite
frozen window. Thus every step terminates after a finite number of symbolic updates.

7.5. Boundary Conditions for Letter Counts. The four-letter classification uses letters
of length 6. Inside the Stability Zone, the left or right boundary of the zone may cut through
such a letter. In that case, the partial letter is excluded from the letter count.

At most one incomplete letter can occur at each boundary, so at most 10 positions are
discarded in total. This has a noticeable effect only for small n, where the Stability Zone
itself is still narrow. As n grows, the zone has width n — 1, so the proportion of excluded
positions decays like

O(1/n).

Thus the boundary effect becomes negligible over the main experimental range.

Remark 19. The initial fluctuations of measured quantities in the experiment are therefore
best understood as finite-size boundary effects rather than as evidence of qualitatively dif-
ferent symbolic behavior.

7.6. Implementation. The experiment was implemented in Java. The program first con-
structs the full tape up to step 18, stores the period CPig, and then continues in Frozen
Window mode up to n = 250,000.

At each step, the program identifies the current Stability Zone and scans it in letters of
length 6, counting the occurrences of the four letter types a, b, ¢, d. These data are then used
to track structural quantities such as

e the number of a-letters in the Stability Zone,
e the relative frequencies of the four letter types,
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e the local density of letter a,
e and the experimental scaling quantity associated with the local letter distribution.

The source code is available at
https://github.com/cerebrummi/stabilityzone

7.7. Results. The experiment was run for all steps to n = 250,000. The data support the
structural picture developed in the earlier sections.

letters in Stability Zone
—a b —c

6000

amount of letter

5000
4000

3000

2000

1000 /////,
0

0 50000 100000 150000 200000 250000

stepn

FIGURE 9. Counts of the letter types a, b, and ¢ inside the Stability Zone up
to n = 250,000, measured by the Frozen Window experiment. The persistence
of a and the near symmetry of b and ¢ are visible throughout the observed
range.

Result 1: Persistence of letter a. The letter type a appears throughout the observed
range inside the Stability Zone. Thus the symbolic twin-prime template remains visible
locally across all steps tested.

Result 2: Symmetry of b and c¢. The counts of b and ¢ remain close and exhibit the
symmetry predicted by the letter-level transition rules and the structure of the transition
matrix.

Result 3: Density of letter a. The density of letter a in the Stability Zone is not
monotone. It exhibits small local fluctuations, but the overall trend across the observed
range is downward. Thus the local relative frequency of the twin-prime template decreases
even though the template itself persists.

Result 4: Experimental scaling behavior. The experimental scaling quantity derived
from the letter counts Figure 10 shows finite-size oscillations, especially at smaller n, but this
is from edge effects.

7.8. Limitations and Scope. The Frozen Window experiment verifies the symbolic struc-
ture of the automaton only within the Stability Zone and only up to the chosen range
n = 250,000. It does not simulate the entire periodic tape at large scales, nor does it
establish asymptotic results on its own.
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Fractal Dimension of Stability Zone
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FIGURE 10. Experimental scaling quantity measured in the Stability Zone up
to n = 250,000. The graph shows small finite-scale oscillations together with
a broad trend.

Accordingly, the experiment should be understood as a large-scale structural check of the
theory rather than as a substitute for proof. Its value lies in confirming that the symbolic
phenomena proved earlier remain visible far beyond the range accessible to direct full-tape
simulation.

Remark 20. The experimental observation that letter a continues to appear in the Stability
Zone up to n = 250,000 is consistent with the heuristic discussion in subsection 6.6, but it
does not prove that such occurrences continue indefinitely.

7.9. Experimental Interpretation. The Frozen Window experiment provides finite-scale
data on the local symbolic distribution inside the Stability Zone.

The experimental quantities exhibit two important features.

First, they show finite-size oscillations. This is consistent with the boundary effects dis-
cussed in subsection 7.5 and with the fact that the experiment measures local letter statistics
in a moving finite window rather than a stationary asymptotic object.
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Second, despite these local fluctuations, the data are broadly compatible with the inter-
pretation that later prime filters have a weaker local relative effect than earlier ones.

8. CONCLUSION

8.1. Summary of Results. This paper has introduced a deterministic, endogenous, non-
stationary S-adic automaton that realizes the Sieve of Eratosthenes as a symbolic dynamical
system over a finite alphabet. The automaton evolves by three operators—shift, expansion,
and filtering—acting on a binary periodic tape together with two registers.

The main results may be summarized as follows.

Exact realization of the sieve. The automaton reproduces the same prime—composite
classification as the classical Sieve of Eratosthenes. The symbolic state of the tape determines
the encoding of each integer without any external primality test.

Periodic symbolic state space. At every finite step, the tape is a periodic binary word
whose width equals the primorial of the largest prime processed so far. In this way, the sieve
is represented not only procedurally, but also as an explicit symbolic state.

Four-letter substructure and letter dynamics. From step n = 4 onward, the tape
decomposes into a canonical letter alphabet ¥y = {a, b, ¢,d}. This second-order description
reveals an internal combinatorial structure that is invisible in the usual formulation of the
sieve. Its prime-dependent substitution rules are encoded by an upper-triangular transition
matrix M.

Hydra Effect. The letter type

a= (LMLMMM)

plays a special role as the symbolic template associated with candidate pairs at distance
2. Its global population evolves by a simple multiplicative rule, which we called the Hydra
Effect.

Stability Zone and ()-Zone. The Stability Zone

SZ, = [n+1,2n—1]

provides a dynamically protected interval in which surviving L-symbols are provably stable
until they reach the head of the tape. The larger safe region

Gn = [n+1,n%

and its subinterval
Qn = [2n, n2]

provide an arithmetically natural setting for interpreting the symbolic twin-prime template.

Frozen Window experiment. The Frozen Window technique makes it possible to study
the symbolic structure of the Stability Zone far beyond the range accessible to direct simula-
tion of the full periodic tape. The experiment up to n = 250,000 confirms that the structural
phenomena proved earlier remain visible at large finite scales.
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8.2. The Automaton as a Research Instrument. The automaton is not proposed as a
faster way to generate primes. Its value lies elsewhere: it turns the sieve into an explicit
symbolic object whose internal organization can be studied directly.

In the classical formulation, the sieve is usually presented as a procedure for eliminating
composites. In the present framework, it also becomes a structured symbolic state space.
This makes it possible to analyze the sieve at several levels simultaneously: binary, letter-
combinatorial, spectral, and experimental.

From this perspective, the main contribution of the paper is conceptual as well as techni-
cal. It shows that the sieve admits an exact endogenous symbolic realization and that this
realization carries nontrivial internal structure.

8.3. An Open Distribution Problem. The paper does not prove the Twin Prime Con-
jecture. What it does provide is a precise symbolic framework in which one aspect of that
problem can be reformulated.

The global persistence of the symbolic template

a= (LMLMMM)

is proved by the internal letter dynamics of the automaton. What remains open is a distri-
bution question: do the canonical starting positions of these letter-a letters intersect the safe
windows

SZ,=[n+1,2n—1]
Qn = [2n,n?
for arbitrarily large n, or can a permanent multi-scale skew away from these windows occur?

This is the main open problem that emerges naturally from the present framework. A
positive answer would connect the symbolic dynamics developed here directly to infinitely
many twin primes. The current paper isolates this question but does not resolve it.

Other natural directions for future work include a more systematic higher-order symbolic
renormalization of the tape, a fuller formal embedding of the automaton into the theory
of non-stationary S-adic systems, and larger-scale computational experiments beyond the
present Frozen Window range.

8.4. Code and Data Availability. The Java implementation of the automaton, the Frozen
Window experiment, and the associated output data are publicly available at

https://github.com/cerebrummi/stabilityzone

8.5. Closing Remark. The Sieve of Eratosthenes is one of the oldest and most familiar
constructions in mathematics. In its classical form, it is an algorithm. In the present paper,
it has also been treated as a symbolic dynamical system with an explicit evolving internal
state.

This change of viewpoint does not alter which numbers are prime. What it changes is what
becomes visible while the sieve unfolds. The automaton records the sieve as a structured
symbolic process, and in doing so it opens a different way of studying familiar arithmetic
phenomena.

The purpose of the framework is therefore not to replace classical number theory, but to
complement it with a symbolic model in which the internal organization of the sieve can be
analyzed directly.
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